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Abstract 

We define canonical and n-canonical modules on a module-finite al¬ 
gebra over a Noether commutative ring and study their basic properties. 
Using n-canonical modules, we generalize a theorem on (n, G)-syzygy 
by Araya and lima which generalize a well-known theorem on syzygies 
by Evans and Griffith. Among others, we prove a non-commutative 
version of Aoyama’s theorem which states that a canonical module de¬ 
scends with respect to a flat local homomorphism. We also prove the 
codimension two-argument for modules over a coherent sheaf of alge¬ 
bras with a 2-canonical module, generalizing a result of the author. 
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1. Introduction 

(1.1) In jE^ . Evans and Griffith proved a criterion of a finite module over 
a Noetherian commutative ring R to be an nth syzygy. This was generalized 
to a theorem on (n, C')-syzygy for a semidualizing module C over R by Araya 
and lima fATT] . The main purpose of this paper is to prove a generalization 
of these results in the following settings: the ring R is now a finite i?-algebra 
A, which may not be commutative; and C is an n-canonical module. 

(1.2) The notion of n-canonical module was introduced in |Has] in an algebro- 
geometric situation. The criterion for a module to be an nth syzygy for 
n = 1,2 by Evans-Griffith was generalized using n-canonical modules there, 
and the standard ‘codimension-two argument’ (see e.g., |Hart4t (1.12)]) was 
also generalized to a theorem on schemes with 2-canonical modules |Has| 
(7.34)]. We also generalize this result to a theorem on modules over non- 
commutative sheaves of algebras fProposition llO.Sj) . 

(1.3) Let {R, m) be a complete semilocal Noetherian ring, and A 7^ 0 a 
module-finite i?-algebra. Let I be a dualizing complex of R. Then RHomij(A, I) 
is a dualizing complex of A. Its lowest non-vanishing cohomology is denoted 
by Aa, and is called the canonical module of A. If {R, m) is semilocal but not 
complete, then a A-bimodule is called a canonical module if it is the canon¬ 
ical module after completion. An n-canonical module is defined using the 
canonical module. A finite right (resp. left, bi-)module G of A is said to be n- 
canonical over R if (1) C satisfies Serre’s {S'^) condition as an i?-module, that 
is, for any P G Spec A, depth^^ Gp > min(n, dirnAp). (2) If P G SuppjijG 
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with dimi?p < n, then Cp is isomorphic to as a right (left, hi-) module 
of Ap, where Ap is the P-Rp-adic completion of Ap. 

(1.4) In order to study non-commutative n-canonical modules, we study 
some non-commutative analogue of the theory of canonical modules developed 
by Aoyama |Aoy| , Aoyama-Goto |AoyG| , and Ogoma |Ogo| in commutative 
algebra. Among them, we prove an analogue of Aoyama’s theorem |Aoy| which 
states that the canonical module descends with respect to flat homomorphisms 
f Theorem 17. Sp . 

(1.5) Our main theorem is the following. 

Theorem 18.41 fcf. |EvGl (3.8)], |ArIl (3.1)]). Let R be a Noetherian commu¬ 
tative ring, and A a module-finite R-algebra, which may not he commutative. 
Let n > 1, and C be a right n-canonical A-module. Set T = EndAop C. Let 
M G mode. Then the following are equivalent. 

1 M e TF(n,G). 

2 M e UP(n,C'). 

3 M G Syz(n, C). 

4 Me (S'Jc- 

Here M G {S'^)c means that SupppM C SupppG, and for any P G 
SpeeP, depthMp > min(n, dimPp), and this is a (modihed) Serre’s condi¬ 
tion. M G Syz(n, G) means M is an (n, G)-syzygy. M G UP(n, G) means 
existence of an exact sequence 

0 ^M^G°^G^^ -^ G”-^ 

which is still exact after applying (?)1 = Hom^op(?,G). 

( 1 . 6 ) The condition M G TF(n, G) is a modihed version of Takahashi’s con¬ 
dition “M is n-G-torsion free” jThk] . Under the assumptions of the theorem, 
let (?)^ = Hom^op(?,G), P = End^op G, and (?)^ = Homr(?,G). We say that 
M G TF(1, G) (resp. M G TF(2, G)) if the canonical map Xm ■ M ^ is in¬ 
jective (resp. bijective). If n > 3, we say that M G TF(?7,, G) if M G TF(2, G), 
and Extp(Ml,G) = 0 for 1 < i < n — 2, see Dehnition 14.51 Even if A is 
a commutative ring, a non-commutative ring P appears in a natural way, so 
even in this case, the dehnition is slightly diherent from Takahashi’s original 
one. We prove that TF(n, G) = UP(n, G) in general iLemma 14.7p . This is a 
modihed version of Takahashi’s result rm (3.2)]. 
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(1.7) As an application of the main theorem, we formnlate and prove a 
different form of the existence of n-C-spherical approximations by Takahashi 
M, nsing n-canonical modnles, see Corollary 18.51 and Corollary 18.61 Onr 
resnlts are not strong enongh to dednce |Takl Corollary 5.8] in commntative 
case. For related categorical resnlts, see below. 

(1.8) Section [2]is preliminaries on the depth and Serre’s conditions on mod¬ 
nles. In Section [3l we discnss A^^m-approxirnation, which is a categorical ab¬ 
straction of approximations of modnles appeared in |Tak] . Everything is done 
categorically here, and Theorem 13.161 is an abstraction of |Takl (3.5)], in view 
of the fact that TF(n, C) = UP(n, C) in general fLemma 14.71) . In Section 01 
we discnss TF(n, C), and prove Lemma Wl\ and related lemmas. In Section [5l 
we dehne the canonical modnle of a modnle-hnite algebra A over a Noetherian 
commntative ring i?, and prove some basic properties. In Section [HI we dehne 
the n-canonical modnle of A, and prove some basic properties, generalizing 
some constrnctions and resnlts in |Hasi Section 7]. In Section [Tj we prove a 
non-commntative version of Aoayama’s theorem which says that the canonical 
modnle descends with respect to hat local homomorphisms fTheorem 17.5p . As 
a corollary, as in the commntative case, we immediately have that a localiza¬ 
tion of a canonical module is again a canonical module. This is important 
in Section 01 In Section 01 we prove Theorem 18.41 and the related results on 
n-C-spherical approximations (Corollary 18.51 Corollary 18.61) as its corollaries. 
Before these, we prove non-commntative analogues of the theorems of Schen- 
zel and Aoyama-Goto |AoyGl (2.2), (2.3)] on the Cohen-Macaulayness of the 
canonical module (Proposition 021 and Corollary 18.31) . In section 01 we dehne 
and discuss non-commntative, higher-dimensional symmetric, Frobenius, and 
quasi-Frobenius algebras and their non-Cohen-Macaulay versions. In commu¬ 
tative algebra, the non-Cohen-Macaulay version of Gorenstein ring is known 
as quasi-Gorenstein rings. What we discuss here is a non-commntative version 
of such rings. Scheja and Storch [SSj discussed a relative notion, and our deh- 
nition is absolute in the sense that it is independent of the choice of R. If R is 
local, our quasi-Frobenius property agrees with Gorensteinness discussed by 
Goto and Nishida |GN] , see Proposition 19.71 and Corollary 19.81 In Section [TOl 
we show that the codimension-two argument using the existence of 2-canonical 
modules in |Hasj is still valid in non-commntative settings. 

(1.9) Acknowledgments: Special thanks are due to Professor Osamu lyama 
for valuable advice and discussion. Special thanks are also due to Professor 
Tokuji Araya. This work was motivated by his advice, and Proposition 18.21 is 


4 







































an outcome of discussion with him. 

The author is also grateful to Professor Kei-ichiro lima, Professor Takesi 
Kawasaki, Professor Ryo Takahashi, Professor Kohji Yanagawa, and Professor 
Yuji Yoshino for valuable advice. 

2. Preliminaries 

( 2 . 1 ) Unless otherwise specified, a module means a left module. Let R be a 
ring. Hom^ or Ext^ mean the Horn or Ext for left R-modules. 5°^ denotes 
the opposite ring of B, so a i?°P-module is nothing but a right R-module. Let 
B Mod denote the category of R-modules. Mod is also denoted by Mod B. 
For a left (resp. right) Noetherian ring B, Rmod (resp. modi?) denotes the 
full subcategory of i?Mod (resp. Modi?) consisting of finitely generated left 
(resp. right) i?-modules. 

(2.2) For derived categories, we employ standard notation found in [Hart]. 
For an abelian category A, D{A) denotes the unbounded derived category 

of A. For a plump subcategory (that is, a full subcategory which is closed 
under kernels, cokernels, and extensions) B of A, Dis{A) denotes the triangu¬ 
lated subcategory of D{A) consisting of objects F such that H\¥) G B for 
any i. For a ring B, We denote i?(i?Mod) by D{B), and Db mod (5 Mod) by 
i?fg(i?) (if B is left Noetherian). 

(2.3) Throughout the paper, let R denote a commutative Noetherian ring. 
If R is semilocal (resp. local) and m its Jacobson radical, then we say that 
{R, m) is semilocal (resp. local). We say that {R, m, k) is semilocal (resp. local) 
if (i?, m) is semilocal (resp. local) and k = R/m. 

(2.4) We set M := M U {oo, — cxd} and consider that —oo < M < cxd. As 
a convention, for a subset P of R, infP means inf(P U {cxo}), which exists 
uniquely as an element of R. Similarly for sup. 

(2.5) For an ideal I oi R and M G mod R, we define 

depth^(J,M) := inf{i G Z | Ext)^(R//, M) ^ 0}, 

and call it the /-depth of M [Mat I section 16]. It is also called the M-grade of I 
|BS1 (6.2.4)]. When (/?, m) is semilocal, we denote depth(m, M) by depth^ M 
or depth M, and call it the depth of M. 

Lemma 2.6. The following functions on M {with valued in R) are equal for 
an ideal I of R. 
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1 depthj:j(/, M); 

2 infpgv^(/) depth^^ Mp, where V{I) = {P G Speci? | P D /}; 

3 inf{i G Z I P|(M) ^ 0}; 

4 oo if M = IM, and otherwise, the length of any maximal M-sequence 
in I. 

5 Any function 0 such that 

a 0(M) = oo if M = IM. 
b (j){M) = 0 ^/HoniK(P//,M) ^ 0. 

c 4>{M) = (pi^M/aM) + 1 if a & I is a nonzerodivisor on M. 

Proof. We omit the proof, and refer the reader to |Matl section 16], |BS[ 

(6.2.7) ]. □ 

(2.7) For a snbset P of X = Spec R, we dehne codim P = codim^ P, the 

codimension of P in X, by infjhtP | P G P}. So htJ = codim i/(/) for 
an ideal I of R. For M G modP, we define codim M := codim Snpp^M = 
litannM, where ann denotes the annihilator. For n > 0, we denote the set 
ht“^(n) = {P G SpecP | ht P = n} by For a snbset F of Z, R^^^ means 
ht“^(F) = Moreover, we nse notation snch as R^-^\ which stands 

for p({”sz|n<3}) Pqj, g modP, the set of minimal primes of M is denoted 
by Min M. 

We dehne Ml"-! := {P G SpecP | depth Mp = n}. Similarly, we nse 
notation snch as Mt<"'l(= {P G SpecP | depth Mp < n}). 

(2.8) Let M,N e modP. We say that M satishes the {S^)^-condition or 

(5,^)-condition if for any P G SpecP, depthp^ Mp > min(?7,, dimp^ Np). The 
(5,^)"^-condition or (S',(^)-condition is simply denoted by (S')^)^ or (5)^). We say 
that M satishes the (S'n)'^-condition or (S'n)-condition if M satishes the (S^)- 
condition. (Sn) (resp. (5')^)) is eqnivalent to say that for any P G Mp 

is a Cohen-Macanlay (resp. maximal Cohen-Macanlay) Pp-modnle. That is, 
depth Mp = dimMp (resp. depth Mp = dimPp). We consider that is 

a class of modules, and also write M G (or M G {S^)). 

Lemma 2.9. Let O^L^M^N^Obean exact sequence in modP, and 
n> 1. 


6 





1 IfL,Ne{S'J, thenMeiS'J. 

2 If N e (5;_i) and M e {S'^), then L e (S^). 

Proof. 1 follows from the depth lemma: 

VP depth^^ Mp > min(depthj:j^ Lp, depth^^ Np), 

and the fact that maximal Cohen-Macaulay modules are closed under exten¬ 
sions. 2 is similar. □ 

Corollary 2.10. Let 


0 —} M — y L^ — )■ ■ ■ ■ — )■ L\ 

he an exact sequence in modP, and assume that Li e (5') for 1 < i < n. 
Then M e (5;) . 

Proof. This is proved using a repeated use of Lemma [2.91 2. □ 

Lemma 2.11 (Acyclicity Lemma, |PS[ (1.8)]). Let (P,m) be a Noetherian 
local ring, and 

(1) L : 0 ^ L, ^ Ls-i - > Li%Lo 

he a complex of mod R such that 

1 For each z G Z with 1 < i < s, depth Lj > i. 

2 For each z G Z with 1 < i < s, Pj(L) 7 ^ 0 implies that depthPj(L) = 0. 

Then L is acyclic {that is, Pi(L) = 0 for z > 0). □ 

Lemma 2.12 (cf. |IW[ (3.4)]). Let be a complex in modP such that 

1 For each z G Z with 1 < z < s, Lj G (S''). 

2 For each i E with 1 < i < s, codim Pj(L) > s — z -|- 1. 

Then L is acyclic. 

Proof. Using induction on s, we may assume that HifL) = 0 for z > 1. Assume 
that L is not acyclic. Then Hi(L) 7 ^ 0, and we can take P G AssrPi(L). 
By assumption, ht P > s. Now localize at P and considering the complex Lp 
over Rp, we get a contradiction by Lemma [2.111 □ 
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Example 2.13. Let / : M —)■ iV be a map in modi?. 

1 If M G (S'O and fp is injective for P G then / is injective. Indeed, 
consider the complex 

0^ M ^ N = Lq 

and apply Lemma [2.121 

2 ( |LeWl (5.11)]) If M G (S'/,), N G (S'j), and fp is bijective for P G 
then / is bijective. Consider the complex 

0-)-mA-N-)-0 = Lo 


this time. 

Lemma 2.14. Let (i?, m) be a Noetherian local ring, and N G (S'„)'^. If 
P G MinA^ with dim R/P < n, then we have 

dim R/P = depth N = dim N < n. 

If, moreover, N G then depth = dimi?. 

Proof. Ischebeck proved that if M, N G mod R and i < depth N — dim M, 
then 'Extp{M, N) = 0 |Matl (17.1)]. As 'Ext^{R/P, N) ^ 0, we have that 
depth^77 < dim i?/P < n. The rest is easy. □ 

Corollary 2.15. Let M G {Sn)^ and N G (S),)^. If Min M C MinA^, then 
M G {SX- 

Proof Let P G As M G (S'n), depth Mp = dim Mp. Take Q G MinM 

such that Q C P and dimRp/QRp = dimMp < n. As MinM C MinA^, 
we have that QRp G MinA^p. By Lemma l2.14[ dimPp = dimRp/QRp = 
depth Mp, and hence M G (S'jf). □ 

Corollary 2.16. Let n > 1, and R G (S„). Then for M G modP, we have 
that {SX = {Sn)^n{S[). 


Proof. Obviously, (S(j)^ C (S„)'^n(S'j). For the converse, apply Corollary l2T5] 
for N = R. □ 












(2.17) Let M,N E modi?. We say that M satisfies the (S'^))v-condition, or 
M e {S'^)n = {Sn)N, if M e (S';) and Supp^M C Supp^iV. 

Lemma 2.18. Let n > 1, N E (S';), and M E modi?. Then the following 
are equivalent. 

1 M e (^;))V. 

2 M E (Sn) and MinM C MiniV. 

Proof. 1^2. As (S';) C (Sn), M E (Sn). As M E (S';) with n > 1, MinM C 
Min R. By assnmption, Min M C Snpp N. So Min M C Min i? n Snpp N C 
Min N. 

2^1. M E (S';) by Corollary 12.151 SnppM C SnppA^ follows from 
MinM C MinA^. □ 

(2.19) There is another case that (S'„) implies (S';). An i?-modnle N is said 
to be full if Snpp^ N = Spec R. A finitely generated faithfnl i?-modnle is fnll. 

Lemma 2.20. Let M,N G modi?. If N is a full R-module, then M satisfies 
(S;) condition if and only if M satisfies {S^) condition, i/ann^j A^ C ann/jM, 
then M satisfies the (S^)^ condition if and only if M satisfies the (^ 5 '^)^/annflAf 
condition. 

Proof. The first assertion is becanse dimA^p = dimi?p for any P E Speci?. 
The second assertion follows from the first, becanse for an i?/ annp A^-module, 
and same thing. □ 

Lemma 2.21. Let I be an ideal of R, and S a module-finite commutative 
R-algehra. For M E modS, we have that depthp(i,M) = depth_ 5 (iS, M). in 
particular, if R is semilocal, then depthpM = depth^jM. 

Proof. Note that H\[M) = by |BS1 (4.2.1)]. By Lemma [521 we get 

the lemma immediately. □ 

Lemma 2.22. Letp : R ^ S be a finite homomorphism of rings, M E mods', 
and n > 0. 

1 If M E (Sf)^, then M E {Sff . 

2 Assume that for any Q E Mins', (p“^(Q) E Mini? {e.g., S E (S'()^). 
If M E (S';)'^, and Rp is quasi-unmixed for any P E i?[''"^l, then M E 
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Proof. 1. Let Q G Then depthjij^ Mp = depth^^ Mp < depth^^ Mq < 

n by Lemma [2.211 and Lemma [2.61 where P = (p~^{Q). So Mp is a maximal 
Cohen-Macanlay -Rp-module by the (S'^)p-property, and hence ht Q < ht P = 
depthp^ Mp < depth^^ Mq, and hence Mq is a maximal Cohen-Macanlay 
S'g-module, and M G {S'jfjs- 

2. Let P G SpecP, and depthjij^ Mp < n. Then by Lemma 12.211 and 
Lemma [T6l there exists some Q G Spec S snch that = P and 

Mq = inf depthg , Mq/ = depth^^ Mp = depthjij^ Mp < n. 

Then ht Q = depth RpMp. So it snffices to show ht P = lit Q. By assnmption, 
Rp is qnasi-nnmixed. So Rp is eqni-dimensional and nniversally catenary 
|Matl (31.6)]. By |Gro4l (13.3.6)], htP = htQ, as desired. □ 

(2.23) We say that R satishes (P„) (resp. (T„)) if Rp is regular (resp. Goren- 
stein) for P G R^-'^f 

Lemma 2.24. Let (p : R ^ S be a flat morphism between Noetherian rings, 
and M G modP. 

1. If M & and the ring Sp/PSp satisfies {Sn) for P G SpecP, then 

S^pMeiS'J^. 

2. If if is faithfully flat and S (8)p M G (Sf)^, then M G 

3. If R satisfies {Sn) {resp. {Tn), {Rn)) and Sp/PSp satisfies {Sn) {resp. 
(Pi), {Rn)) for P G SpecP, then S satisfies {Sn) {resp. {Tn), {Rn))- 

Proof. Left to the reader (see [Matl (23.9)]). □ 

3. fbn ^-approximation 

(3.1) Let A be an abelian category, and C its additive subcategory closed 
under direct summands. Let n > 0. We dehne 

■‘■"C := {a G M I Ext] 4 (a, c) = 0 1 < f < n}. 

Let a E A. A sequence 

(2) C : 0 -)■ a -)■ c° -)■ 
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is said to be an (n,C)-pushforward if it is exact with c* G C. If in addition, 

Ct ; 0 ^ at ^ (c°)t ^ (c^)t ^-^ (c”-i)t 

is exact for any c E C, where (?)t = Honi_ 4 (?, c), we say that C is a nniversal 
(n, C)-pushforward. 

If a G ^ has an (n, C)-pushforward, we say that a is an (n, C)-syzygy, and 
we write a G Syz(n,C). If a G ^ has a nniversal (n,C)-pushforward, we say 
that a G UP_ 4 (n,C) = UP(n,C). Obviously, UPyi(n,C) C SjZj^{n,C). 

(3.2) We write Xn,m{C) = Xn,m '■= 0 UP(m, C) for n, m > 0. Also, for 

a 7 ^ 0, we define 

Cdima = inf{m G Z>o | there is a resolution 

0 —t Cm —t Cm-l ^ • • • —Cq —)■ a ^ 0}. 

We dehne CdimO = — cxd. We dehne A’n(C) = yn '■= [a E A \ Cdima < n}. A 
sequence E is said to be C-exact if it is exact, and .4,(E, c) is also exact for each 
c E C. Letting a C-exact sequence an exact sequence, A is an exact category, 
which we denote by Ac in order to distinguish it from the abelian category A 
(with the usual exact sequences). 

(3.3) Let Co C .4, be a subset. Then ■'■"Co, UP(n,Co), A’„^m(Co), Codim, and 
3^n(Co) = yn mean ■^"C, UP(n,C), dA,m(C), Cdim, and 3^n(C), respectively, 
where C = add Co, the smallest additive subcategory containing Co and closed 
under direct summands. If c G C, ■‘■"c, UP(n, c) and so on mean ■‘■"addc, 
UP(n, addc) and so on. A Co-exact sequence means an add Co-exact sequence. 
A sequence E in 4, is Co-exact if and only if for any c G Co, 4,(E, c) is exact. 

(3.4) By dehnition, any object of C is an injective object in Ac. 

(3.6) Let S be an exact category, and X an additive subcategory of S. Then 
for e G C, we dehne 

Push£-(n,X) := {e G C I There exists an exact sequence 

0 ^ e ^ ^ A ^ -)■ with A E X}. 

Note that Pushf(0,X) is the whole S. Thus Pushyig(n,C) = UP^(n,C). 

If a G C is a direct summand of an object of X, then a G Push(cxD,X). 
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Lemma 3.6. Let 8 he an exact eategory. Let X be an additive subcategory of 
8 consisting of injective objects. Let 

0 ^ a A a' 4 a" ^ 0 

be an exact sequence in 8 and m > 0. Then 

1 //a G Push(m,X) and a” G Push(m,X), then a' G Push(m,X). 

2 If a' & Push(m + 1,X) and a" G Push(m,X), then a G Push(m + 1,X). 

3 //a G Push(m + 1,X), a' G Push(m,X), then a” G Push(m,X). 

Proof. Let i : 8 ^ A he the Gabriel-Quillen embedding jTT] . We consider 
that is a full subcategory of A closed under extensions, and a sequence in 
8 is exact if and only if it is so in A. 

We prove 1. We use induction on m. The case that m = 0 is trivial, and 
so we assume that m > 0. Let 


0 — y a —^ c — y b — y 0 


be an exact sequence such that c G X and b G Push(m — 1,X). Let 

0 ^ a" ^ c" ^ 6" ^ 0 


be an exact sequence such that c" G X and b” G Push(m — 1,X). As C{a', c) —y 
C(a, c) is surjective, we can form a commutative diagram with exact rows and 
columns 


0 0 0 


0 

0 


/ / 9 


a -^ a 


I 

c -^ C (13 c 


( 10 ) 




0 

0 


0--fe- ^b' --6"--0 


0 0 0 


in A. As 8 is closed under extensions in A, this diagram is a diagram in 8. 
By induction assumption, b' G Push(m — 1,X). Hence a' G Push(m,X). 


12 




























We prove 2. Let 0 —)■ a' —)■ c —)■ 6' —)■ 0 be an exact sequence in 8 such 
that c G X and h' G Push(m,X). Then we have a commutative diagram in 8 
with exact rows and columns 


0 0 

0-^ a —^ a' —^ a” -^ 0 

0 -- ^0 

0-- a" -- h -- h' -- 0 


0 0 

Applying 1, which we have already proved, b G Push(m,X), since a" and b' he 
in Push(m,X). So a G Push(m + 1,X), as desired. 

We prove 3. Let 0—)-a—^-c—)-6—^-Obean exact sequence in 8 such that 
c G X and b G Push(m,X). Taking the push-out diagram 


0 0 


0-^ a —^ a' —^ a"-^ 0 

la" 

0 -^ c -^ u -^ a” -^ 0 



0 0 


Then u G Push(m,X) by 1, which we have already proved. Since c & I, the 
middle row splits. Then by the exact sequence 0—)-a"—)■«—)-c—)-0 and 2, 
we have that a" G Push(m,X), as desired. □ 

Corollary 3.7. Let 8 and X he as in Lemma \3.(k Let m > 0, and a, a' & 8. 
Then a © a' G Push(m,X) if and only if a, a' G Push(m,X). 
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Proof. The ‘if’ part is obvious by Lemma IXBl 1, considering the exact sequence 

(3) 0 — y CL — y n © n —^ cl — y 0. 

We prove the ‘only if’ part by induction on m. If m = 0, then there is 
nothing to prove. Let m > 0. Then by induction assumption, a' G Push(m — 
1,X). Then applying Lemma ESI 2 to the exact sequence ([2]), we have that 
a G Push(m,X). a' G Push(m,X) is proved similarly. □ 

Corollary 3.8. Let 

0 —y CL —y cl' —y cl" —y 0 

be a C-exact sequence in A and m > 0. Then 

1 //a G UP(m,C) and a" G UP(m,C), then a' G UP(m,C). 

2 If a' E UP(m + 1,C) and a" G UP(m, C), then a G UP(m + 1,C). 

3 //a G UP(m + 1,C), a' G UP(m,C), then a" G UP(m,C). 

□ 

(3.9) We define := and UP(cx),C) := nj>oUP(j,C). 

Obviously, C C UP(oo,C). 

Lemma 3.10. We have 

UP(oo,C) = {a G .4, I There exists some C-exact sequence 

0 —)■ a —>■ c° —>■ —>■ —>■ • • • with P E C for i > 0}. 

Proof Let a G UP(cx),C), and take any C-exact sequence 

0 —y a — y — y a^ — y 0 

with c° G C. Then of G UP(oo,C) by Corollary 13.81 and we can continue 
inhnitely. □ 

(3.11) We define 3^oo := Ui>o^*- also define fUj := fl UP(j, C) for 
0 < i, j < cx). 

(3.12) Let 0 < < oo. We say that a E A lies in if there is a short 

exact sequence 

0—>-2/—)-a;—)-a—)-0 
in A such that x G fUj and y E yi. 


14 



(3.13) We define cxd ± r = cxo for r G M. 

Lemma 3.14. Let 0 < z, j < oo with j > 1. Assume that C C Let 

O^z^x^z'^Obea short exact sequence in A with z G Zij and 
X G Xi+ij-i. Then z' G 

Proof. By assumption, there is an exact sequence 

O^y^x'^z^O 

such that Cdimy < i and x' G As j > 1, there is an C-exact sequence 

0 ^ x' A c ^ x'" 0 


such that c G C. Then we have a commutative diagram with exact rows and 
columns 


0 0 0 


0 

0 

0 




r 

z - 


f 


1 
0 

C® X ■ 


01 


■ X ■ 



X 


0 

0 

0 


0 0 0 

As the top row is exact, y G W, and c & C, y' & A’i+i- By assumption, 
c G Aj+i^oo and x G So c®x G As the middle row is C-exact 

and x' G Aj j, we have that x” G Aj+i j_i by Corollary 13.81 The right column 
shows that z' G as desired. □ 

Lemma 3.15. Let 0 < z, j < oo, and assume that z > 1 and C C Let 



he a short exact sequence in A with z' G and x G Ajj+i. Then z G 
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Proof. Take an exact sequence 0 a:" A- z' —)■ 0 such that x” G Xij 

and y' E yi. Taking the pull-back of (jl]) by h, we get a commutative diagram 
with exact rows and columns 


0 0 


0 



0 


0 

0 



X 


// 



0 

0 


0 0 0 


By induction, we can prove easily that C In particular, -*-“C C 

and Ext;^(a:, y') = 0. Hence the middle column splits, and we can replace 
a hy X (By'. By the dehnition of there is an exact sequence 

O^y^c^y'^0 

of A such that y G and c G C. Then adding to this sequence, we get 

0^y^x(Bc^x(By'^0 

is exact. Pulling back this exact sequence with j : z ^ a = x (B y', we get a 
commutative diagram with exact rows and columns 



0 0 
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As x” G the middle column is C-exact. As x” G Ajj and x © c G A’jj+i, 
we have that x' G Aj.ij+i. As the top row shows, z G as desired. □ 

Theorem 3.16. Let 0 < n, m < oo, and assume that C C ■'■"C. For z E A, 
the following are equivalent. 


Z E Zji yji . 

2 There is an exact sequence 



( 5 ) 


such that Xj G 

If, moreover, for each a E A, there is a surjection x —)■ a with x E Xn^n+m, 
then these conditions are equivalent to the following. 

3 For each exact sequence dS]) with Xj G Xn-i,m+i+i for 0 < i < n — 1, we 
have that Xn E Ao^n+m- 

Proof. 1^2. There is an exact sequence O^y^xo-A-z^O with xq G 
and y E yn- So there is an exact sequence 


rl. 



Xl ^ 1/ —)■ 0 


■» • • • 


with Xi E C for 1 <i <n. As C C Xn^ooi we are done. 

2^1. Let Zi = Imdj for z = 1,..., n, and Zq := 2 ;. Then by descending 
induction on i, we can prove Zi E Zn-i,m+i for z = n, zz — 1,..., 0, using 
Lemma 13.141 easily. 

1^3 is also proved easily, using Lemma 13.151 

3^2 is trivial. □ 

4. (rz, C')-TF property 

(4.1) In the rest of this paper, let A be a module-hnite i?-algebra, which 
may not be commutative. A A-bimodule means a A Zr A°P-module. Let 
C G mod A be hxed. Set T := EndAop (7. Note that T is also a module- 
hnite i?-algebra. We denote (?)1 := HomAop(?,C') : mod A —)■ (T mod)°P, and 
(?)1 := Homr(?, C) : T mod —)■ (mod A)°p. 

(4.2) We denote SyZn^odyY(zz, (T), UPmodA(?^, C*), and CdimmodvAf respec¬ 
tively by Syz^ op (?z, C*), UPa°p( n, C*), and (PdimAop Af. 
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(4.3) Note that for M G mod A and N mod, we have standard isomor¬ 
phisms 

(6) HomAop(M, N^) = Homr^«A°p(A^ ®r M, C) ^ Homr(Ar, M^). 

The hrst isomorphism sends f \ M ^ to the map {n®m ^ f{m){n)). Its 
inverse is given by 5 ^ : M —)■ C to (mi—)' {n ^ g{n ® m))). This shows 

that (?)^ has ((?)^)°*’ : (T mod)°P —)■ mod A as a right adjoint. Hence ((?)^)°^ 
is right adjoint to (?)h We denote the nnit of adjnnction Id (?)'^^ = (?)^(?)'*' 
by A. Note that for M G mod A, the map Xm '■ M ^ is given by 
XM{rn){'il)) = '^(m) for m G M and G ATf = HomAop(M, C). We denote the 
nnit of adjnnction N —)■ Py ^ for A^ g T mod. When we view /i 

as a morphism A^b j\r (fo the opposite category (T mod)°P), then it is the 
connit of adjnnction. 

Lemma 4.4. (?)^ and (?)^ give a contravariant equivalence between addC C 
mod A and addT C T mod. 

Proof. It snflices to show that A : M —)■ Afb is an isomorphism for M G add C, 
and fi : N ^ A^b is an isomorphism for N G addT. To verify this, we may 
assnme that M = C and N = T. This case is trivial. □ 

Definition 4.5 (cf. |Takl (2.2)]). Let M G mod A. We say that M is (1,C')-TF 
or M G TFaop(1, C) if Am : M Mb is injective. We say that M is (2, C)-TF 
or M G TFaop(2, C) if Am : M — ) Mb is bijective. Let n > 3. We say that M 
is (n, (Fj-TF or M G TFAop(n, C) if M is (2, Cj-TF and Ext^Mt, (F) = 0 for 
l<i<n — 2. As a convention, we dehne that any M G mod A is (0, C)-TF. 

Lemma 4.6. Let 0:0—^M—^A^—^Ofoea C-exact sequence in mod A. 
Then for n >0, we have the following. 

1 //MGTF(n,C') and N eTF{n,C), then L e TF{n,C). 

2 If L eTF{n + l,C) and N e TF{n,C), then M e TF{n + 1,C). 

3 If M e TF(n + 1,^) andLe TF{n,C), then N G TF(n,C'). 

Proof. We have a commntative diagram 


0 

0 


M ^ > L --^0 


■Mb 


htt 


Lb- 


Abt-^Ext^(Mt,C') 


Ext^(Lt,C') 
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with exact rows. 

We only prove 3. We may assume that n > 1. So Am is an isomorphism 
and Al is injective. By the hve lemma, A at is injective, and the case that n = 1 
has been done. If n > 2, then A^ is also an isomorphism and Extp(Mf, C) = 0, 
and so A^v is an isomorphism. Moreover, for 1 < i < n — 2, Extp(Lf, C) and 
Extp''"^(Mf, (7) vanish, so Extp(A^'*', (7) = 0 for 1 < i < n — 2, and hence 
N e TF(n,C). 

1 and 2 are also proved similarly. □ 

Lemma 4.7 (cf. |Takl Proposition 3.2]). 1 For n = 0,1, Syz^op(n,(7) = 

UPAop(n,C). 


2 Forn > 0, TFAop(n, (7) = UPA°p(n, (7). 


Proof. If n = 0, then Syz^op(n, C) = TFaop(0, C) = UPa°p(0, (7) = mod A. So 
we may assume that n > 1. 

Let M G Syz^op(l, (7). Then there is an injection ip : M ^ N with 
N e add C. Then 

M^—^N 


Mtl 


^ Ajv 

NP 


is a commutative diagram. So Am is injective, and M G TFa°p(1,(7). This 
shows UPa°p(1,(7) C Syz^op(l,(7) C TFaop(1,C'). So 2^1. 

We prove 2. First, we prove UPa°p (^^, (7) C TFAop(n,, (7) for n > 1. We 
use induction on n. The case n = 1 is already done above. 

Let n > 2 and M G UPA°p(n., (7). Then by the dehnition of UPa°p(?T', (7), 
there is a (7-exact sequence 




such that L G addC and N G UPA°p(n — 1,(7). By induction hypothesis, 
N G TFAop(n — 1,(7). Hence M G TFAop(n, (7) by Lemma IT6l We have 
proved that UPAop(n,(7) C TFAop(n,(7). 

Next we show that TFAop(n, (7) C UPAop(n., (7) for n > 1. We use induction 
on n. 

Let n = 1. Let p : F ^ be any surjective P-linear map with F G add P. 
Then the map p' : M ^ F^ which corresponds to p by the adjunction ([6]) is 

p' :M ^ ^ Ff 
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which is injective by assumption. Then p is the composite 

p-.F^F^^ ^ M\ 

which is a surjective map by assumption. So is also surjective, and hence 
p' : M ^ F^ gives a (1, (T)-universal pushforward. 

Now let n >2. By what we have proved, M has a (1, C)-universal push- 
forward h \ M ^ L. Let N = Coker h. Then we have a C-exact sequence 

with L G add(7. As M G TF(n, C), N G TF(n — 1,C) by Lemma WM By 
induction assumption, N G UP(n — 1,(7). So by the dehnition of UP(n, (7), 
we have that M G UP(n, (7), as desired. □ 

Lemma 4.8. For any G P mod, G Syz(2, C). 

Proof. Let 

Fi Fq —>■ —)■ 0 

be an exact sequence in P mod such that Fj G addP. Then 

0 ^ A7 ^ fJ F^ 

is exact, and F/ G add(7. This shows that G Syz(2,(7). □ 

(4.9) We denote by = (*5'),)^ the class of M G mod A such that M 

viewed as an F-module lies in (F^,)^, see fl2.17p . 

Lemma 4.10. Assume that C satisfies {S'^) as an R-module. Then Syz(r, C) C 
for r>l. 

Proof. This follows easily from Corollary I2.1UI □ 

(4.11) For an additive category C and its additive sub category X, we denote 
hj C/X the quotient of C divided by the ideal consisting of morphisms which 
factor through objects of X. 


20 







(4.12) For each M G mod A, take a presentation 

(7) F(M) : Fi(M) A Fo(M) 4 M ^ 0 

with Fi G addAA- We denote 

Coker(a'f) = Coker(lc ® d^) = C TrM 

by Tr^M, where (?)* = HomAop(?,A) and Tr is the transpose, see |ASS 
(V.2)], and we call it the C-transpose of M. Tr^ is an additive functor from 
mod A := mod A/ addAA to Fc mod := F mod / addC. 

Proposition 4.13. Let n > 0, and assume that Ext44 C*) = 0 for i = 

1,... ,n. Then for M G mod A, we have the following. 

0 Fori < i < n, Ext^Tr^;?, C) is a well-defined additive functor mod A —)■ 
mod A. 

1 Ifn = l, there is an exact sequence 

0 ^ Ext^(Trc M,C) ^ M ^ Ext^(Trc M, C). 

Ifn = 0, then there is an injective homomorphism Ker Am Extp(Tr (7 M, C). 

2 Ifn>2, then 

i There is an exact sequence 

0 ^ Ext^(Trc M,C)^M ^ ^ Ext^(Trc M, C) 0. 

ii There are isomorphisms Ext*^^ F(Trc M, C) = Extp(Af'^,C) for 
l<i<n-2. 

iii There is an injective map Extp ^{M^C) ^ Extp^^(Trc-M, (F). 

Proof. 0 is obvious by assumption. 

We consider that F(M) is a complex with M at degree zero. Then consider 

Q(M) := F(M)^[2] : Fi(M)^ ^ Fo(M)'f ^ ^ 0 

where Fi(M)l is at degree zero. As this complex is quasi-isomorphic to 
Trc(M), there is a spectral sequence 

Ff’" = Ext^(Q(M)-^’, C) Ex4+''(Trc M, C). 
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In general, KerA^^ = C E^. If n > 1, th( 

E]^ = E^. Moreover, as E^’^ = 0, Coker = E"^’^ = 



0 , and 
. So 1 


follows. 


If n > 2, then E^'"^ = E^'^ = 0 by assumption, so E‘^ = E"^, and i of 2 
follows. Note that = 0 for p > 3. Moreover, E{’'^ = 0 for p = 0,1 and 
1 < q < n. So for 1 < i < n — 1, we have 



and the inclusion is an isomorphism if 1 < i < n — 2 . So ii and iii of 2 


follow. 


□ 


Corollary 4.14. Let n > 1. //Extp(C, C) = 0 for 1 < i < n, then M is 
(n, C)-TF if and only z/Extp(Trc M, C) = 0 for 1 < i < n. //Extp(C, C) = 0 
for 1 < i < n and Extr(Tr (7 M, C) = 0 for 1 < i < n, then M is (n, C)-TF. 

5. Canonical module 

(5.1) Let R = (i?, m) be semilocal, where m is the Jacobson radical of R. 

(5.2) We say that a dualizing complex I over R is normalized if for any 
maximal ideal n of R, Ext^;.(i?/u, I) 7 ^ 0. We follow the dehnition of [Hart2j . 

(5.3) For a left or right A-module M, dimM or dimAM denotes the di¬ 
mension dim/j M of M, which is independent of the choice of R. We call 
depth^(m, M), which is also independent of R, the global depth, A-depth, or 
depth of M, and denote it by deptliA M or depth M. M is called globally 
Cohen-Macaulay or GCM for short, if dimM = depthM. M is GCM if and 
only if it is Cohen-Macaulay as an i?-module, and all the maximal ideals of R 
have the same height. This notion is independent of R, and depends only on A 
and M. M is called a globally maximal Cohen-Macaulay (GMCM for short) 
if dim A = depth M. We say that the algebra A is GCM if the A-module A 
is GCM. However, in what follows, if R happens to be local, then GCM and 
Cohen-Macaulay (resp. GMSM and maximal Cohen-Macaulay) (over R) are 
the same thing, and used interchangeably. 

(5.4) Assume that {R,xn) is complete semilocal, and A 7 ^ 0. Let I be a 
normalized dualizing complex of R. The lowest non-vanishing cohomology 
group Ext^®(A,I) (Ext)j(A,I) = 0 for i < —s) is denoted by K\, and is called 
the canonical module of A. Note that JLa is a A-bimodule. Hence it is also a 
A°P-bimodule. In this sense, JCa = iCA°p- If A = 0, then we dehne JLa = 0. 
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(5.5) Let S be the center of A. Then S is modnle-finite over R, and 
= RHomii;(S', I) is a normalized dnalizing complex of S. This shows that 
RHomR(A,I) = RHom 5 '(A, I^), and hence the definition of is also inde¬ 
pendent of R. 

Lemma 5.6. The number s in fl5.4p is nothing but d := dim A. Moreover, 

AssrK\ = Assh/jA := {P G Min^jA | dim R/P = dim A}. 

Proof. We may replace Rhj R/ ann^jA, and may assnme that A is a faithfnl 
module. We may assume that I is a fundamental dualizing complex of R. 
That is, for each P G SpecR, E{R/P), the injective hull of R/P, appears 
exactly once (at dimension —dimP/P). If Extjj*(A,I) ^ 0, then there exists 
some P G Speci? such that Extj^^(Ap, Ip) 7 ^ 0. Then P G SupppA and 
dim R/P > i. On the other hand, Extp^(Ap,Ip) has length l{Ap) and is 
nonzero for P G AsshpA. So s = d. 

The argument above shows that each P G Asshp A = Asshi? supports Kr. 
So Asshp A C Minpi^A- On the other hand, as the complex I starts at degree 
—d, Kr C 1“'^, and AssKr C AssI”'^ C AsshR = Asshp A. □ 

Lemma 5.7. Let (R, m) be complete semilocal. Then K\ satisfies the (5'^)'^- 
condition. 

Proof. It is easy to see that {Ka)„ is either zero or for each maximal ideal 
n of R. Hence we may assume that R is local. Replacing R by R/ annp A, we 
may assume that A is a faithful R-module, and we are to prove that K\ satisfies 
{Sf}^ by Lemma I2.2UI Replacing R by a Noether normalization, we may 
further assume that R is regular by Lemma [2.221 1. Then Kr = Homp(A, R). 
So K\ G Syz(2, R) C (S*^)^ by Lemma 14.81 (consider that A there is R here, 
and C there is also R here). □ 

(5.8) Assume that (R, m) is semilocal which may not be complete. We say 
that a hnitely generated A-bimodule R is a canonical module of A if R is 
isomorphic to the canonical module R^ as a A-bimodule. It is unique up 
to isomorphisms, and denoted by Kr. We say that R G mod A is a right 
canonical module of A if R is isomorphic to R^ in mod A, where ? is the 
m-adic completion. If Rp exists, then R is a right canonical module if and 
only if R = Ra in mod A. 

These definitions are independent of R, in the sense that the (right) canon¬ 
ical module over R and that over the center of A are the same thing. The right 
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canonical modnle of A°p is called the left canonical modnle. A A-bimodnle ca 
is said to be a weakly canonical bimodnle if aw is left canonical, and wa is 
right canonical. The canonical modnle A'aop of A°p is canonically identihed 
with A'a- 

(5.9) If i? has a normalized dnalizing complex I, then I is a normalized 
dnalizing complex of R, and so it is easy to see that A"a exists and agrees 
with Ext“'^(A,I), where d = dimA(:= dim^iA). In this case, for any P G 
Speci?, Ip is a dnalizing complex of Rp. So if R has a dnalizing complex and 
{K/^)p 7 ^ 0, then {K\)p, which is the lowest nonzero cohomology gronp of 
RHompj^(Ap, Ip), is the i?p-canonical modnle of Ap. See also Theorem 17.51 
below. 


Lemma 5.10. Let (R, m) be local, and assume that K\ exists. Then we have 
the following. 

1 Assp A'a = AsshpA. 

2 i^A e (^2^)^. 

3 R/ annK\ is quasi-unmixed, and hence is universally catenary. 

Proof. All the assertions are proved easily nsing the case that R is complete. 

□ 


(5.11) A A-modnle M is said to be A-fnll over R if SnpppM = SnpppA. 


Lemma 5.12. Let {R,vx) be local. If exists and A satisfies the (S' 2 )'^- 
condition, then Rj ann A'a is equidimensional, and K\ is A-full over R. 


Proof. The same as the proof of |Ogo Lemma 4.1] (nse Lemma [5.101 3). □ 


(5.13) Let {R, m) be local, and I be a normalized dnalizing complex, 
the local dnality. 


Kf = Ext-'^(A,I)'' = H^{A) 


By 


(as A-bimodnles), where Ep{R/m) is the injective hnll of the i?-modnle R/m, 
and (?)'^ is the Maths dnal Homp(?, £'p(i?/m)). 
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(5.14) Let {R, m) be semilocal, and I be a normalized dnalizing complex. 
Note that RHomij(?,I) indnces a contravariant eqnivalence between Dfg{A°^) 
and Zi)fg(A). Let J G L*fg(A A°p) be RHomi^(A,I). 

RHomfi(?,I) : Ag(A°P) ^ Ag(A) 


is identified with 


RHomAop(?, RHomH(AAij, I)) = RHomAop(?, J) 


and similarly, 

RHomH(?,I) : Ag(A) ^ Ag(A°P) 

is identified with RHomA(?, J). Note that a left or right A-modnle M is max¬ 
imal Cohen-Macaulay if and only if RHom/^(M, I) is concentrated in degree 
—d, where d = dim A. 

(5.15) J above is a dualizing complex of A in the sense of Yekutieli |Vekl 

(3.3)]. 

(5.16) A is GCM if and only if Kx[d] —)■ J is an isomorphism. If so, M G 
mod A is GMCM if and only if RHom/i;(M, I) is concentrated in degree —d 
if and only if Ext\op (M, TLa) = 0 for i > 0. Also, in this case, as Kj<^[d\ is a 
dnalizing complex, it is of finite injective dimension both as a left and a right 
A-module. To prove these, we may take the completion, and may assnme that 
R is complete. All the assertions are independent of R, so taking the Noether 
normalization, we may assnme that R is local. By fl5.14p . the assertions follow. 

(5.17) For any M G mod A which is GMGM, 

M = RHomij(RHomij(M,I),I) = RHomR(ExtXo1,(M, A:A[d]), I)[-d]. 

Hence Afl := HomAop (Af, TLa) is also a GMGM A-modnle, and hence 

HomA(Mi, ATa) ^ RHomA(Mi, J) = RRomniM^I) 

is an isomorphism (in other words, Ext\{M\K\) = 0 for i > 0). So the 
canonical map 

(8) M ^ HomA(HomAop(M, ATa), ATa) = HomA(Mi, ATa) 

m I— )■ ((p I— )■ (pm) is an isomorphism. This isomorphism is trne withont assnm- 
ing that R has a dnalizing complex (bnt assnming the existence of a canonical 
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module), passing to the completion. Note that if A = i? and Kji exists and 
Cohen-Macaulay, then Kr is a dualizing complex of R. 

Similarly, for G A mod which is GMCM, 

N —)■ HomAop(HomA(A^, A'a), K\) 

n I—)■ ( 991 —)■ (pn) is an isomorphism. 

(5.18) In particular, letting M = A, if A is GCM, we have that A'a = 
HomAop(A, A'a) is GMGM. Moreover, 


A —)■ EndA op Ka 

is an i?-algebra isomorphism, where a G A goes to the left multiplication by 

а. Similarly, 

A^iEndAKAr 

is an isomorphism of i?-algebras. 

(5.19) Let {R, m) be a d-dimensional complete local ring, and dim A = d. 
Then by the local duality, 

HHKa)^ = Ext],^{KA,I) = ExtliiKAj) = EndAopiLA, 
where J = Hom^(A,I) and (?)^ = Eji{R/m)). 

б. n-canonical module 

( 6 . 1 ) We say that u is an i?-semicanonical right A-module (resp. i?-semicanonical 
left A-module, weakly i?-semicanonical A-bimodule, i?-semicanonical A-bimodule) 
if for any P G Speed?, Rp u is the right canonical module (resp. left 
canonical module, weakly canonical module, canonical module) of Rp 0^ 

A for any P G supp^ca. If we do not mention what R is, then it may 
mean R is the center of A. An i?-semicanonical right A°P-module (resp. 
/?-semicanonical left A°P-module, weakly i?-semicanonical A°P-bimodule, R- 
semicanonical A°P-bimodule) is nothing but an i?-semicanonical left A-module 
(resp. i?-semicanonical right A-module, weakly i?-semicanonical A-bimodule, 
d?-semicanonical A-bimodule). 
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( 6 . 2 ) Let C e mod A (resp. A mod, (A A°p) mod, (A A°p) mod). We 
say that C is an n-canonical right A-module (resp. n-canonical left A-module, 
weakly n-canonical A-bimodule, n-canonical A-bimodule) over i? if C G (5')^)^, 
and for each P G we have that Cp is an i?p-semicanonical right Ap- 

module (resp. i?p-semicanonical left Ap-module, weakly i?p-semicanonical 
Ap-bimodule, i?p-semicanonical Ap-bimodule). If we do not mention what 
P is, it may mean P is the center of A. 

Example 6.3. 0 The zero module 0 is an i?-semicanonical A-bimodule. 

1 If i? has a dualizing complex I, then the lowest non-vanishing cohomol¬ 
ogy group P := Ext)^®(A,I) is an i?-semicanonical A-bimodule. 

2 By Lemma 15.101 any left or right i?-semicanonical module K of A sat- 
ishes the (S'^)^-condition. Thus a (right) semicanonical module is 2- 
canonical over P/ anupA. 

3 If iL is (right) semicanonical (resp. n-canonical) and L is a projective 

module such that Lp is rank at most one, then K®rL is again (right) 
semicanonical (resp. n-canonical). 

4 If i? is a normal domain and C its rank-one reflexive module of R, then 
C* is a 2-canonical i?-module (here A = R). 

5 The i?-module R is n-canonical if and only if for P G Rp is 

Gorenstein. This is equivalent to say that R satishes (T„_i) -|- (Sn)- 

(6.4) As in section HI let G G mod A, and set T = Endp op c. (?)' = 
HomAop(?,G), and (?)^ = Homr(?,G). Moreover, we set Ai := (EndrG)°P. 
The i?-algebra map Ti : A ^ Ai is induced by the right action of A on C. 

Lemma 6.5. Let C G mod A be a 1-canonical A°^-module over R. Let M G 
modA. Then the following are equivalent. 

1 M G TF(1,G). 

2 M G UP(1,G). 

3 M G Syz(l,G). 

4 M e (s:)« 
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Proof. l-v^2 is Lemma 14.71 2^3 is trivial. 3^4 follows from Lemma 14.101 
immediately. 

We prove 4^1. We want to prove that Xm '■ M —)• Md is injective. By 
Example 12.131 localizing at each P G , we may assnme that (R, m) is 
zero-dimensional local. We may assnme that M is nonzero. By assnmption, 

C is nonzero, and hence C = TLa by assnmption. As R is zero-dimensional, 

A is GCM, and hence A —)• L = EndA°p Kk is an isomorphism by fIS.lSp . As 
A is GCM and M is GMCM, ([8]) is an isomorphism. As A = L, the resnlt 
follows. □ 

Lemma 6 . 6 . Let C be a 1-canonical right A-module over R, and N eT mod. 
Then G TFaop(2,G). Similarly, for M G mod A, we have that Ml G 
TFr(2,G). 

Proof Note that Aatj : A^^ —t A^^ is a split monomorphism. Indeed, (/XAf)^ : 

ATttt ]\[t ig lef^ inverse. Assnme that ^ TF(2,G), then W : = 
Coker Aat* is nonzero. Let P G AsSi^W. As W is a snbmodnle of A^hl, 

P G AssrATW c AssrC C Mini?. So Cp is the right canonical modnle K^p. 

So Lp = Ap, and (AatOp is an isomorphism. This shows that ILp = 0, and 
this is a contradiction. The second assertion is proved similarly. □ 

Lemma 6.7. Let {R,xn) be local, and assume that Ka exists. Let C := Ka- 
If A is GCM, Ti : A —)• Ai an isomorphism. 

Proof. As C possesses a bimodnle strnctnre, we have a canonical map A —>■ 

T = EndA°p C, which is an isomorphism as A is GCM by (Ib.lSh . So Ai is iden- 
tihed with A = (EndAG)°P. Then Ti : A —)■ (EndAG)°P is an isomorphism 
again by flS.lSp . □ 

Lemma 6 . 8 . If C satisfies the {S[)^ condition, then T G (5'j)^ and Ai G 
Moreover, AsspT = AsspAi = AsspG = MinpG. 

Proof. The hrst assertion is by T = HomAop(G, G) G Syzp(2,G), and Ai = 
Homr(G, G) = SyzA^(2,G). We prove the second assertion. AsspT C AsspEndpG 
Assp G. Assp Ai C Assp Endp G = Assp G = Minp G. It remains to show 
that SnpppG = SnpppT = SnpppAi. Let P G Spec/?. If Cp = 0, then 
Tp = 0 and (Ai)p = 0. On the other hand, if Cp ^ 0, then the identity map 
Cp —>■ Cp is not zero, and hence Tp 7 ^ 0 and (Ai)p 7 ^ 0. □ 
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(6.9) Let C be a 1-canonical right A-module over R. Define Q : = ripeMin^C^P- 
If F G MinijC, then Cp = K\p. Hence <hp : Ap (Ai)p is an isomorphism 
by Lemma 16.71 So 1 q 0 \l/i : Q 0 p A —)■ Q 0 p Ai is also an isomorphism. As 
Assp Ai = Minp C, we have that Ai C Q ®r Ai. 

Lemma 6.10. Let C be a 1-canonical right A-module over R. If A is com¬ 
mutative, then so are Ai and L. 

Proof. As Ai C Q ®R Ai = Q ®r A and Q ®r A is commutative, Ai is a 
commutative ring. We prove that L is commutative. As Assp L C Minp C, T 
is a subring of Q 0 L. As 

Q r = JJ EndA^ - n (^Ap) 

PeMinfl C P 

and Ap —)■ EndAp(A'Ap) is an isomorphism (as Ap is zero-dimensional), Q 0 pr 
is, and hence L is also, commutative. □ 

Lemma 6.11. Let C be a 1-canonical right A-module over R. Let M and N 
he left {resp. right, bi-) modules of Ai, and assume that N e Let 

ip : M ^ N be a A-homomorphism of left {resp. right, bi-) modules. Then ip 
is a Ai-homomorphism of left {resp. right, bi-) modules. 

Proof. Let Q = ripgMinpCThen we have a commutative diagram 


M' 


N 




IN 


Q0^M^Q0piV 


where iM{'m) = 1® m and iAr(n) = 1 0 n. Clearly, iM and ipi are Ai-linear. 
As ip is A-linear, 1 0 (p is Q 0 A-linear. Since Ai C Q 0 Ai = Q 0 A, 1 0 is 
Ai-linear. As is injective, it is easy to see that ip is Ai-linear. □ 


Lemma 6.12. 




Then the re- 
Simi- 


Let C be a 1-canonical right A-module over R. 
striction M ^ M is a full and faithful functor from {S[)^^’^ to {S[)q 
larly, it gives a full and faithful functors —)■ {S[)^ and ( 5 '')AiigipA°p,p 

nA®pA°p,P 

)c 


Proof. We only consider the case of left modules. If M G Ai mod, then it is a 
homomorphic image of Ai ®r M. Hence suppp M C suppp Ai C suppp C. So 
the functor is well-defined and obviously faithful. By Lemma 16.111 it is also 
full, and we are done. □ 


29 










(6.13) Let C be a 1-canonical A-bimodule over R. Then the left action 
of A on C indnces an i?-algebra map $ : A —)■ T = EndA°p C. Let Q = 
ripeMin^jC Then V <Z Q ®rV = Q ®r A. From this we get 

Lemma 6.14. Let C be a 1-canonical A-bimodule over R. Let M and N 
be left {resp. right, bi-) modules of L, and assume that N e Let 

Lf ■. M ^ N be a A-homomorphism of left {resp. right, bi-) modules. Then ip 
is a T-homomorphism of left {resp. right, bi-) modules. 

Proof. Similar to Lemma [6.111 and left to the reader. □ 

Corollary 6.15. LetC be as above. (T)!! = Homr(HomAop(?, C), C) is canon¬ 
ically isomorphic to (?)1* = HomA(HomAop(?, C), C), where (?)* = HomA(?, C). 

Proof. This is immediate by Lemma [6.141 □ 

Lemma 6.16. LetC be a 1-canonical A-bimodule over R. Then $ induces a 
full and faithful functor {S[)^'^. Similarly, 

and ^ induced. 

Proof. Similar to Lemma 16.121 and left to the reader. □ 

Corollary 6.17. LetC be a 1-canonical A-bimodule. Set A := (EndAC')°P. 
Then the canonical map A —)■ T induces an equality 

Ai = (Endr C')°p = (EndA C)°p = A. 


Similarly, we have 


A 2 i— End^op C — EndA°p C — T. 

Proof. As C G {S[)^'^, the hrst assertion follows from Lemma 16.161 The 
second assertion is proved by left-right symmetry. □ 

Lemma 6.18. Let C be a 1-canonical right A-module over R. Set Ai := 
(EndrC')°P. Let Ti : A —)■ Ai fee the canonical map induced by the right action 
of A on C. Then Ti is injective if and only if A satisfies the {S[)^ condition 
and C is A-full over R. 

Proof. Ti : A ^ Ai is nothing bnt Aa : A ^ A^, and the result follows from 
Lemma 16.51 immediately. □ 

Lemma 6.19. Let C be a 1-canonical A-bimodule over R. Then the following 
are equivalent. 
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1 The canonical map : A ^ A zs injective, where A = (EndAC')°P, and 
the map is induced by the right action of A on C. 

2 A satisfies the {S[)^ condition, and C is A-full over R. 

3 The canonical map $ : A —)■ F is injective, where the map is induced by 
the left action of A on C. 

Proof. By Corollary 16.171 we have that Ai = (EndrC)°P = A. So l<t»2 is a 
consequence of Lemma 16.181 

Reversing the roles of the left and the right, we get 2-^3 immediately. □ 

Lemma 6.20. LetC be a 1-canonical right A-module over R. Then the canon¬ 
ical map 

(9) HomAop(Ai, C) —HomAop(A,C') = C 

induced by the canonical map 'Ll : A —)■ Ai zs an isomorphism ofT A°‘’- 
modules. 

Proof. The composite map 

C ^ HomAi(Ai, C) = HomA(Ai, C) HomA(A, C) ^ C 

is the identity. The map is a T 0^^ A°P-homomorphism. It is also A°‘’-hnear 
by Lemma 16.121 □ 

(6.21) When (R, m) is local and C = then Ai = A, and the map 
l|9|) is an isomorphism of T 0^ A°P-modules from TFa and K\, where A = 
(EndA Indeed, to verify this, we may assume that R is complete regular 

local with annjijA = 0, and hence C = IIom^(A,i?), and C is a 2-canonical 
A-bimodule over R, see fl6.3p . So fl6.17p and Lemma [6.201 apply. Hence we 
have 

Corollary 6.22. Let (R, m) be a local ring with a canonical module C = Kj^ 
of A. Then K/^ = HomA°p(A, Ktf) is isomorphic to TFa as a T -module, 

where A = (EndA 7 Fa)°'’- □ 

Lemma 6.23. Let n > 1. If C is an n-canonical right A-module over R, then 

1 C is an n-canonical right Ai-module over R. 

2 C is an n-canonical left T-module over R. 
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Proof. 1. As the (S'^)-condition holds, it suffices to prove that for P G 
Cp = (AaJp as a right (Ai)p-module. After localization, replacing R by i?p, 
we may assume that R is local and C = Ka- Then C = Ka = as right 
A-modules. Both C and Ka^ are in and isomorphic in mod A. So 

they are isomorphic in mod Ai by Lemma 16.121 

2. Similarly, assuming that R is local and C = Ka, it suffices to show that 
C = Ky as left T-modules. Identifying T = EndA°p C = A 2 and using the 
left-right symmetry, this is the same as the proof of 1 . □ 

Lemma 6.24. Let C G mod A be a 2-canonical right A-module over R. Let 
M G mod A. Then the following are equivalent. 

1 M G TF(2,C'). 

2 M G UP(2,C). 

3 M G Syz(2,C'). 

4 Me (sag. 

Proof. We may assume that A is a faithful /2-module. l<t^2=^3^4 is easy. We 
show 4=^1. By Example 12.131 localizing at each P G R^-^\ we may assume 
that R is a. Noetherian local ring of dimension at most one. So the formal 
fibers of R are zero-dimensional, and hence M G where ? denotes the 

completion. So we may further assume that R = {R, m) is complete local. 
We may assume that M 7 ^ 0 so that C ^ 0 and hence C = Ka. The case 
dim /? = 0 is similar to the proof of Lemma 16.51 so we prove the case that 
dim/2 = 1 . Note that / = //^(A) is a two-sided ideal of A, and any module 
in (5'^^)^°'’’^ is annihilated by /. Replacing A by A//, we may assume that A 
is a maximal Cohen-Macaulay /2-module. Then (| 8 ]) is an isomorphism. As 
C = Ka and 

A —^ End^op Ka — EndA°p C = T 

is an / 2 -algebra isomorphism, we have that Xm '■ M —)■ A/T is identified with 
the isomorphism ([ 8 ]), as desired. □ 

Corollary 6.25. Let C be a 2-canonical right A-module over R. Then the 
canonical map 4) : A —)■ Ai is an isomorphism if and only if A satisfies 
and C is full. 

Proof. Follows immediately by Lemma [6.241 applied to M = A. □ 
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(6.26) Let C be a 2-canonical A-bimodule. Let L = EndAop C and A = 
(EndAC')°'’. Then by the left mnltiplication, an i?-algebra map A —)■ L is in- 
dnced, while by the right mnltiplication, an i?-algebra map A —)■ A is indnced. 
Let Q = Then as L (ZQ®rV = Q(8)h A = Q(8)p A D A, both 

r and A are identihed with Q-snbalgebras of Q ®r A. As A = Ai = AT, we 
have a commntative diagram 


A- 


r- 


Aa 


Att 


ytt 


■ lt 


= A . 


As r = Hom^„p(C', C) = Cl, L G Syz^(2,C) by Lemma 021 By Lemma 16.241 
we have that L G {S' 2 )c- Hence by Lemma 16.241 again, Ar : L ^ LT is an 
isomorphism. Hence A C L. By symmetry A D L. So A = L. With this 
identihcation, L acts on C not only from left, but also from right. As the 
actions of L extend those of A, C is a L-bimodule. Indeed, for a G A, the 
left multiplication Aq : C — )■ C (Aa(c) = ac) is right L-linear. So for 6 G L, 

Pb ■ C ^ C {pb{c) = cb) is left A-linear, and hence is left L-linear. 

Theorem 6.27. Let C be a 2-canonical right K-module. Then the restriction 
M M gives an equivalence p : —)■ 

Proof. The functor is obviously well-dehned, and is full and faithful by Lemma r6.12[ 
On the other hand, given M G we have that Am : M —)■ AfT is an 

isomorphism. As AfT has a A°'’-module structure which extends the A°P- 
module structure of Af = AfT, we have that p is also dense, and hence is an 
equivalence. □ 

Corollary 6.28. Let C be a 2-canonical A-bimodule. Then the restriction 
M ^ M gives an equivalence 

Proof, p is well-dehned, and is obviously faithful. If h : Af —)• A is a morphism 
of (S' 2 )^®^^ between objects of then h is T-linear r°P-hnear 

by Theorem 16.271 (note that Ai = A = T here). Hence p is full. 

Let Af G the left (resp. right) A-module structure of Af is 

extendable to that of a left (resp. right) T-module structure by Theorem 16.271 
It remains to show that these structures make Af a T-bimodule. Let a G A. 


33 
















Then Xa : M ^ M given by Xa{m) = am is a right A-linear, and hence is 
right T-linear. So for b ^ T, pb : M ^ M given by pb{m) = mb is left A-linear, 
and hence is left T-linear, as desired. □ 

Proposition 6.29. Let C be a 2-canonical right K-module. Then (?)^ : 

® contravariant equiv¬ 
alence. 

Proof. As we know that (?)^ and (?)^ are contravariant adjoint each other, it 
suffices to show that the unit Am : M —)■ Mb- and the (co-)unit /i^r : N —)■ 
are isomorphisms. Am is an isomorphism by Lemma 16.241 Note that C is 
a 2-canonical left T-module by Lemma 16.231 So is an isomorphism by 
Lemma [6.241 applied to the right r°P-module C. □ 

Corollary 6.30. LetC be a 2-canonical K-bimodule. Then (?)f = HomAop(?, C) 
and HomA(?, C) give a contravariant equivalence between and 

They also give a duality of { 82 )^^^ 

Proof. The hrst assertion is immediate by Proposition 16.291 and Theorem [623 
The second assertion follows easily from the hrst and Corollary 16.281 □ 

7. Non-commutative Aoyama’s theorem 

Lemma 7.1. Let {R,m,k) {R',m',k') be a flat local homomorphism be¬ 

tween Noetherian local rings. 

1 Let M he a K-bimodule such that M' := R' M is isomorphic to 
A' := R' A as a A'-bimodule. Then M = A as a A-bimodule. 

2 Let M he a right A module such that M' := R' M is isomorphic to 
A' := R' A as a right A'-module. Then M = A as a right A-module. 

Proof. Taking the completion, we may assume that both R and R' are com¬ 
plete. Let 1 = Cl -f • • • A- be the decomposition of 1 into the mutually 
orthogonal primitive idempotents of the center S of A. Then replacing R 
by Sci, A by Ae*, and R' by the local ring of R' 0/? Sci at any maximal 
ideal, we may further assume that S = R. This is equivalent to say that 
R —>■ EndA®flA°p A is isomorphic. So R' —?• EndA'®^,(A')°p A' is also isomorphic, 
and hence the center of A' is R'. 

1. Let : M' —)• A' be an isomorphism. Then we can write if = 
with Ui G R' and ifi G HomA(g)^A°p (Af, A). Also, we can write iff^ = '^jPj 
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with Vj G R' and (pj G HomA(g)^Aop(A, M). As = V’V’ ^ = 1 £ 

EndA'0^,(A' )op A' = R' and R' is local, there exists some i,j snch that UiVj'ipitpj 
is an antomorphism of A'. Then 'ipi : M' A' is also an isomorphism. By 
faithfnl flatness, : M ^ A is an isomorphism. 

2. It is easy to see that M G mod A is projective. So replacing A by A/J, 
where J is the radical of J, and changing R and R' as above, we may assnme 
that i? is a held and A is central simple. Then there is only one simple right 
A-module, and M and A are direct sums of copies of it. As M' = A', by 
dimension counting, the number of copies are equal, and hence M and A are 
isomorphic. □ 

Lemma 7.2. Let {R,xn,k) —)■ {R',ra',k') be a flat local homomorphism be¬ 
tween Noetherian local rings. 

1 Let C be a 2-canonical bimodule of A over R. Let M he a A-bimodule 
such that M' := R' M is isomorphic to C := R' C as a A'- 
bimodule. Then M = C as a A-bimodule. 

2 Let C be a 2-canonical right A-module over R. Let M he a right A- 
module such that M' := R' M is isomorphic to C := R' <S)r C as a 
right A'-module. Then M = C as a right A-module. 

Proof. 1. As M' = C and C G h is easy to see that M G 

Hence M is a T-bimodule, where T = EndAop (T = EndAlT, see fl6.26p and 
Corollary 16.281 Note that (Afi)' = (C^)' = T' as T'-bimodules. By Lemma [7T| 
1, we have that Afi = T as a T-bimodule. Hence Af = Afi^ = T^ = C. 

2 . As (Afi)' = (Ci)' = T' as T'-modules, Afi = T as T-modules by 
Lemma ITTI 2. Hence Af = Afb = rl- = C. □ 

Proposition 7.3. Let {R, m, k) —)• {R', m', k') be a flat local homomorphism 
between Noetherian local rings. Assume that R'/xnR' is zero-dimensional, and 
M' := R' ®rM is the right canonical module of A' := R' ®rA. Then R'/xnR' 
is Gorenstein. 

Proof. We may assume that both R and R' are complete. Replacing R by 
R/ anuijA and R' by R' R/ ann^A, we may assume that A is a faithful 
module. Let d = dimi? = dimf?'. 

Then 

R' ®R Hi{M) - HiflR' ®R M) - HiflKR,) - Hom^,(r, E'), 
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where A' = R' <S)r A, E' = Eri{R' jm') is the injective hull of the residue held, 
r = EndAop M, r' = R' r = EndA' A'a', and the isomorphisms are those of 
r'-modules. The last isomorphism is by fl5.19p . So R' ®r H^{M) G ModT' is 
injective. Considering the spectral sequence 

Ef’'? = ExtUR’ (r /c), R' ®R Hi{M))) 

^Extlt\W,R' ®RHi{M)) 

for W e Mod(R' ®R (T ®Rk)), E^’° = E^^ C Extl,(W, R' ®r H^{M)) = 0 by 
the injectivity of R' ®r It follows that 

Homr^i?' Oil (h k), R' ®r = {R'/mR') ®k HomH(fc, 

is an injective {R'/mR') ®k (T ®r fc)-module. However, as an module, 

this is a free module. Also, this module must be an injective module, 

and hence R'/mR' must be Gorenstein. □ 

Lemma 7.4. Let {R,m,k) —)■ {R',m',k') be a flat local homomorphism be¬ 
tween Noetherian local rings such that R'/mR' is Gorenstein. Assume that 
the canonical module Kr of A exists. Then R' ®r Kr is the canonical module 
of R' ®rA. 

Proof. We may assume that both R and R' are complete. Let I be the nor¬ 
malized dualizing complex of R. Then R'®Rl[d' — d] is a normalized dualizing 
complex of R', where d' = dimi?' and d = dimi?, since i? —)■ i?' is a hat local 
homomorphism with the d' — d-dimensional Gorenstein closed hber, see |AvFl 
(5.1)] (the dehnition of a normalized dualizing complex in |AvF] is diherent 
from ours. We follow the one in |Hart21 Chapter V]). So 

R' ®R Kr = R' ®R Ext]f^{A, I) = Ext^'^'(i?' ®R A, R' ®r I[d' - dj) = TLa'- 


□ 

Theorem 7.5 ((Non-commutative Aoyama’s theorem) cf. Aoy Theorem 4.2]). 
Let {R, m) —)■ {R', m') be a flat local homomorphism between Noetherian local 
rings. 

1 If M is a A-bimodule and M' = R! ®r M is the canonical module of 
A' = R' A, then M is the canonical module of A. 

2 If M is a right A-module such that M' is the right canonical module of 
A', then M is the right canonical module of A. 
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Proof. We may assume that both R and R' are complete. Then the canonical 
module exists, and the localization of a canonical module is a canonical mod¬ 
ule, and hence we may localize R' by a minimal element of {P G Speci?' | 
P n R = m}, and take the completion again, we may further assume that the 
fiber ring R'/vc\.R' is zero-dimensional. Then R'/vc\.R' is Gorenstein by Propo¬ 
sition 17.31 Then by Lemma 17.41 M' = K\/ = R' 0 ^ TLa- By Lemma 17.21 
M = Kj^. In 1, the isomorphisms are those of bimodules, while in 2, they are 
of right modules. The proofs of 1 and 2 are complete. □ 

Corollary 7.6. Let {R,xn) be a Noetherian local ring, and assume that K 
is the canonical {resp. right canonical) module of A. If P E then 

the localization Kp is the canonical {resp. right canonical) module of Ap. In 
particular, K is a semicanonical bimodule {resp. right module), and hence is 
2-canonical over R/ ann^jA. 

Proof Let Q be a prime ideal of R lying over P. Then {K)q = Rq <S)Rp Kp 
is nonzero by assumption, and hence is the canonical (resp. right canonical) 
module of Rq 0 /j A. Using Theorem 17.51 Kp is the canonical (resp. right 
canonical) module of Ap. The last assertion follows. □ 

(7.7) Let {R, m) be local, and assume that Kr exists. Assume that A is 
a faithful i?-module. Then it is a 2-canonical A-bimodule over R by Corol¬ 
lary [TUl Letting T = EndA°p Kr, Kp = Kr as A-bimodules by Corollar\ 16.22[ 
So by Corollary 16.281 there exists some T-bimodule structure of Kr such that 
Kp = K\ as T-bimodules. As the left T-module structure of Kr which ex¬ 
tends the original left A-module structure is unique, and it is the obvious 
action of T = EndA^p Kr. Similarly the right action of T is the obvious action 
of T = A = (EndA Ka)°p, see 


8. Evans—Griffith’s theorem for n-canonical modules 


Lemma 8.1 (cf. |Aoy Proposition 2], |Ogo Proposition 4.2], |AoyC Propo¬ 
sition 1.2]). Let (i?,m) be local and assume that A has a canonical module 
C = Ka- Then we have 


1 Ap : A —)■ EndA°p Ka is injective if and only if A satisfies the (Si)^ 
condition and Suppp A is equidimensional. 

2 Ap : A —)■ EndA°p Ka is bijective if and ony if A satisfies the ( 82 )^ 
condition. 
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Proof. Replacing R by R/ annjijA, we may assume that A is a faithful R- 
module. Then K\ is a 2-canonical A-bimodule over R by Corollary 17.61 
is full if and only if SuppjijA is equidimensional by Lemma 15.101 1. 

Now 1 is a consequence of Lemma 16.191 2 follows from Corollary 16.251 and 
Lemma 15.121 □ 

Proposition 8.2 (cf. |AoyG[ (2.3)]). Let (R, m) be a local ring, and assume 
that there is an R-canonical module of A. Assume that A G {S 2 )^, and K\ 
is a Cohen-Macaulay R-module. Then A is Cohen-Macaulay. If, moreover, 
Ra is maximal Cohen-Macaulay, then so is A. 

Proof. The second assertion follows from the hrst. We prove the hrst assertion. 
Replacing R by R/ ann/j A, we may assume that A is faithful. Let d = dimR. 
So A satishes (A^), and Ra is maximal Cohen-Macaulay. As K\ is the lowest 
non-vanishing cohomology of J := RHomA;(A,I), there is a natural map a : 
KA[d] —)■ J which induces an isomorphism on the —dth cohomology groups. 
Then the diagram 


A-^ HomAop ( Ra [d ], K\ [d ]) 


A 


(T* 


RHomAop (J, J) —-—^ RHomAop (Ra [d], J) 

is commutative. The top horizontal arrow A is an isomorphism by Lemma ISTl 
Note that 


RHomAop(J, J) = RHom/j(J, I) = RHomH(RHomij(A, I), I) = A, 

and the left vertical arrow is an isomorphism. As Ka is maximal Cohen- 
Macaulay, RHomAop(RA[d],J) is concentrated in degree zero. As iL*(J) = 0 
for i < —d, we have that the right vertical arrow a* is an isomorphism. Thus 
the bottom horizontal arrow a* is an isomorphism. Applying RHomA(?,JI) 
to this map, we have that KA[d] —)■ J is an isomorphism. So A is Cohen- 
Macaulay, as desired. □ 

Corollary 8.3 (cf. |AoyGl (2.2)]). Let (R, m) be a local ring, and assume 
that there is an R-canonical module K\ of A. Then K\ is a Cohen-Macaulay 
{resp. maximal Cohen-Macaulay) R-module if and only ifT = EndAop Ra "Is 
so. 
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Proof. As A'a and T has the same support, if both of them are Cohen- 
Macaulay and one of them are maximal Cohen-Macaulay, then the other is 
also. So it suffices to prove the assertion on the Cohen-Macaulay property. 
To verify this, we may assume that A is a faithful i?-module. Note that T 
satisfies {Sf). By Corollary 16.221 K/^ is Cohen-Macaulay if and only if Kr is. 
If r is Cohen-Macaulay, then is Cohen-Macaulay by fIS.lSp . Conversely, 
if Ky is Cohen-Macaulay, then T is Cohen-Macaulay by Proposition 18.21 □ 

Theorem 8.4 (cf. |EvGl (3.8)], |ArIl (3.1)]). Let R be a Noetherian commu¬ 
tative ring, and A a module-finite R-algebra, which may not be commutative. 
Let n > 1, and C be a right n-canonical A-module. Set P = EndAopC. Let 
M G mode. Then the following are equivalent. 

1 M e TF(n,e). 

2 M e UP(n,e). 

3 M G Syz(? 7 ,, C). 

4 M € (s;)o. 

Proof. 1^2^3^4 is easy. We prove 4^1. By Lemma [6.51 we may assume 
that n>2. By Lemma [6.241 M G TF(2,e). Let 

F : 0 ^ ^ Fo Fi ^ F„_i 

be a resolution of Aff in P mod with each Fi G add P. It suffices to prove its 
dual 

: 0 -)■ Af -)■ FJ ^ -)■-)■ FJ_^ 

is acyclic. By Lemma 12.121 we may localize at F G and may assume 

that dim R < n. If Af = 0, then F is split exact, and so F^ is also exact. So we 
may assume that Af 7 ^ 0. Then by assumption, C = K\ in mod A, and C is a 
maximal Cohen-Macaulay F-module. Hence P is Cohen-Macaulay by Corol- 
larv l8.3[ So by fl5.16p and Lemma 16.221 RHomr(Aff, C) = RHomr(Aff, Fp) = 
Af, and we are done. □ 

Corollary 8.5. Let the assumptions and notation be as in Theorem 18.41 Let 
n > 0. Assume further that 

1 Ext\op(C', C) = 0 for 1 < i < n; 

2 C is A-full. 
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3 A satisfies the condition. 

Then for 0 < r < n, -'-’"C' is contravariantly finite in mod A. 

Proof. For any M G mod A, the nth syzygy module satishes the 
condition by 2 and 3. By Theorem 18.41 QPM G TFAop(n,C). By Theo¬ 
rem EUSl M G and there is a short exact sequence 

with X G = -*-'■(7 and Y G As ExtAop(X, X) = 0, we have that is a 
right -'■’’C'-approximation, and hence ■'■’’C' is contravariantly hnite. □ 

Corollary 8.6. Let the assumptions and notation be as in Theorem 18.41 Let 
n > 0, and C a A-full (n -|- 2)-canonical A-bimodule over R. Assume that A 
satisfies the (5'^+2)'^ condition. Then ■‘■"C is contravariantly finite in mod A. 

Proof. By Corollary 18.51 it suffices to show that Ext^op {C, C) = 0 for 1 < i < 
n. Let A = (EndAC')°P. Then the canonical map A —)■ A is an isomorphism 
by Lemma 16.251 since C is a A-full 2-canonical A-bimodule over R. As A G 
(*5^+2)^ C is a A-full (n -|- 2)-canonical left A-module over R, applying 
Theorem 18.41 to A°p, we have that ExtAop(C', C) = 0 for 1 < -i < n. As we have 
A°P —A°P is an isomorphism, we have that Ext\op(C', C) = 0, as desired. □ 

9. Symmetric and Probenius algebras 

(9.1) Let {R, m) be a Noetherian semilocal ring, and A a module-hnite R- 
algebra. We say that A is quasi-symmetric if A is the canonical module of A. 
That is, A = Xa as A-bimodules. It is called symmetric if it is quasi-symmetric 
and GCM. Note that A is quasi-symmetric (resp. symmetric) if and only if A 
is so, where ? denotes the m-adic completion. Note also that quasi-symmetric 
and symmetric are absolute notion, and is independent of the choice of R in 
the sense that the dehnition does not change when we replace R by the center 
of A. 

(9.2) For (non-semilocal) Noetherian ring R, we say that A is locally quasi- 
symmetric (resp. locally symmetric) over R if for any P G Speci?, Ap is a 
quasi-symmetric (resp. symmetric) i?p-algebra. This is equivalent to say that 
for any maximal ideal m of i?, A^ is quasi-symmetric (resp. symmetric). In 
the case that (i?, m) is semilocal, A is locally quasi-symmetric (resp. locally 
symmetric) over R if it is quasi-symmetric (resp. symmetric), but the converse 
is not true in general. 
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Lemma 9.3. Let [R, m) be a Noetherian semilocal ring, and A a module-finite 
R-algebra. Then the following are equivalent. 

1 Aa is the right canonical module of K. 

2 aA is the left canonical module of A. 

Proof. We may assume that R is complete. Then replacing i? by a Noether 
normalization of R/ ann^jA, we may assume that R is regular and A is a 
faithful i?-module. 

We prove 1^2. By Lemma [5.101 A satishes As i? is regular and 

dimi? = dim A, A^a = A* = Hom 7 j(A, R). So we get an i?-linear map 

if '. A A —y R 

such that ip{ab ® c) = ip{a ® be) and that the induced map h : A —)■ A* 
given by h{a){c) = ip{a 0 c) is an isomorphism (in mod A). Now (p induces a 
homomorphism h' : A A* in A mod given by h'{c){a) = (p(a 0 c). To verify 
that this is an isomorphism, as A and A* are reflexive i?-modules, we may 
localize at P G and then take a completion, and hence we may further 

assume that dimP < 1. Then A is a finite free P-module, and the matrices of 
h and h' are transpose each other. As the matrix of h is invertible, so is that 
of h', and h' is an isomorphism. 

2^1 follows from 1^2, considering the opposite ring. □ 

Definition 9.4. Let (P, m) be semilocal. We say that A is a pseudo-Frobenius 
R-algebra if the equivalent conditions of Lemma 1?^ are satisfied. If A is GCM 
in addition, then it is called a Frobenius R-algebra. Note that these definitions 
are independent of the choice of P. Moreover, A is pseudo-Frobenius (resp. 
Frobenius) if and only if A is so, where ? is the m-adic completion. For a 
general P, we say that A is locally pseudo-Frobenius (resp. locally Frobenius) 
over P if Ap is pseudo-Frobenius (resp. Frobenius) for P G SpeeP. 

Lemma 9.5. Let (P, m) be semilocal. Then the following are equivalent. 

1 (Pa)a projective in mod A. 

2 a(-^a) projective in A mod, 
where ? denotes the m-adic completion. 
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Proof. We may assume that {R, m, k) is complete regular local and A is a 
faithful -R-module. Let ? denote the functor Then A is a finite di¬ 

mensional fc-algebra. So mod A and A mod have the same number of simple 
modules, say n. An indecomposable projective module in mod A is nothing 
but the projective cover of a simple module in mod A. So mod A and A mod 
have n indecomposable projectives. Now Homj:j(?, R) is an equivalence be¬ 
tween add(iLA)A and addAA. It is also an equivalence between add a(A'a) and 
addAA- So both add(A'A)A and addA(A'A) also have n indecomposables. So 1 
is equivalent to add(iLA)A = addAA- 2 is equivalent to addA(-fi"A) = addAA. 
So l<t^2 is proved simply applying the duality Hom/{(?,i?). □ 

(9.6) Let (i?, m) be semilocah If the equivalent conditions in Lemma 19.51 
are satisfied, then we say that A is pseudo-quasi-Frobenius. If it is GCM 
in addition, then we say that it is quasi-Frobenius. These definitions are 
independent of the choice of R. Note that A is pseudo-quasi-Frobenius (resp. 
quasi-Frobenius) if and only if A is so. 

Proposition 9.7. Let {R,xn) be semilocal. Then the following are equivalent. 

1 K is quasi-Frobenius. 

2 A is GCM, and dim A = idimAA, where idim denotes the injective di¬ 
mension. 

3 A is GCM, and dim A = idim Aa . 

Proof. 1^2. By definition, A is GCM. To prove that dim A = idimAA, we 
may assume that R is local. Then by |GNi (3.5)], we may assume that R 
is complete. Replacing R by the Noetherian normalization of R/ ann^jA, we 
may assume that i? is a complete regular local ring of dimension d, and A 
its maximal Cohen-Macaulay module. As addAA = addA(A"A) by the proof 
of Lemma 19.51 it suffices to prove idimA(A"A) = d. Let In be the minimal 
injective resolution of the R-module R. Then J = HomA;(A, In) is an injective 
resolution of = Hom/j(A, R). As the length of J is d and 

ExtA(A/mA, Ka) = Ext^(A/mA, R) ^ 0, 
we have that idimA(RA) = d. 

2^1. We may assume that R is complete regular local and A is maximal 
Cohen-Macaulay. By [GNl (3.6)], we may further assume that R is a field. 
Then aA is injective. So (Ra)a = HomA;(A, R) is projective, and A is quasi- 
Frobenius, see [SFFl (IV.3.7)]. 

ly^3 is proved similarly. □ 
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Corollary 9.8. Let R be arbitrary. Then the following are equivalent. 

1 For any P G Speci?, Ap is quasi-Frobenius. 

2 For any maximal ideal m of R, is quasi-Frobenius. 

3 A is a Gorenstein R-algebra in the sense that A is a Cohen-Macaulay 
R-module, and idiniAp ApAp = dimAp for any P G Speci?. 

Proof. 1^2 is trivial. 

2=^3. By Proposition 19.71 we have idimA„An, = dimAm for each m. Then 
by |GNl (4.7)], A is a Gorenstein i?-algebra. 

3^1 follows from Proposition 19.71 □ 

(9.9) Let R be arbitrary. We say that A is a quasi-Gorenstein i?-algebra if 
Ap is psendo-qnasi-Frobenins for each P G Spec R. 

Definition 9.10 (Scheja-Storch [SS]). Let R be general. We say that A is 
symmetric (resp. Frobenins) relative to i? if A is i?-projective, and A* : = 
Homp(A,i?) is isomorphic to A as a A-bimodnle (resp. as a right A-modnle). 

It is called qnasi-Frobenins relative to R if the right A-modnle A* is projective. 

Lemma 9.11. Let {R,xn) be local. 

1 //dimA = dim/?, R is quasi-Gorenstein, and A* = A as A-bimodules 
[resp. A* = A as right A-modules, A* is projective as a right A-module), 
then A is quasi-symmetric [resp. pseudo-Frobenius, pseudo-quasi-Frobenius). 

2 If R is Gorenstein and A is symmetric {resp. Frobenius, quasi-Frobenius) 
relative to R, then A is symmetric {resp. Frobenius, quasi-Frobenius). 

3 If A is nonzero and R-projective, then A is quasi-symmetric {resp. pseudo- 
Frobenius, pseudo-quasi-Frobenius) if and only if R is quasi-Gorenstein 
and A is symmetric {resp. Frobenius, quasi-Frobenius) relative to R. 

4 If A is nonzero and R-projective, then A is symmetric {resp. Frobenius, 
quasi-Frobenius) if and only if R is Gorenstein and A is symmetric {resp. 
Frobenius, quasi-Frobenius) relative to R. 

Proof. We can take the completion, and we may assnme that R is complete 
focal. 


43 






1. Let d = dim A = dimi?, and let I be the normalized dualizing complex 
of R. Then 

Ka = Ext^'^(A, I) ^ Hom^(A, = Hom(A, Kr) = Hom(A, R) = A* 

as A-bimodules, and the result follows. 

2. We may assume that A is nonzero. As R is Cohen-Macaulay and A is 
a hnite projective i?-module, A is a maximal Cohen-Macaulay i?-module. By 
1, the result follows. 

3. The ‘if’ part follows from 1. We prove the ‘only if’ part. As A 
is i?-projective and nonzero, dim A = dimi?. As A is i?-finite free, Kr = 
HomK(A, Kr) = A* <S)r Kr. As Kr is i?-free and A* <^r Kr is nonzero and is 
isomorphic to a direct sum of copies of Kr, we have that Kr is i?-projective, 
and hence R is quasi-Gorenstein, and Kr = R. Hence Kr = A*, and the 
result follows. 

4 follows from 3 easily. □ 

(9.12) Let {R, m) be semilocal. Let a hnite group G act on A by i?-algebra 
automorphisms. Let H = A * G, the twisted group algebra. That is, hi = 
A <S)R RG = 0ggc'A5f as an i?-module, and the product of hi is given by 
{ag){a'g') = {a{ga')){gg') for a, a' G A and g,g' G G. This makes H a module- 
hnite i?-algebra. 

(9.13) We simply call an i?G-module a G-module. We say that M is a 
{G, A)-module if M is a G-module, A-module, the /^-module structures coming 
from that of the G-module structure and the A-module structure agree, and 
g{am) = {ga){gm) for g E G, a E A, and m G M. A (G, A)-module and an 
H-module are one and the same thing. 

(9.14) By the action {a®a')g)ai = a{gai)a', we have that A is a (A(8 )A°p)*G- 
module in a natural way. So it is an H-module by the action {ag)ai = a{gai). 
It is also a right H-module by the action ai{ag) = g~^{aia). If the action of 
G on A is trivial, then these actions make an H-bimodule. 

(9.15) Given an hl-module M and an i?G-module V, M ^r V is an H - 
module by {ag){m ® v) = {ag)m gv. Homj^(M, V) is a right H-module by 
{ip{ag)){m) = g~^Lp{a{gm)). It is easy to see that the standard isomorphism 

Homjj(M (^R V, W) -E HomR(M, HomR(H, W)) 

is an isomorphism of right H-modules for a left f2-module M and G-modules 
V and W. 
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(9.16) Now consider the case A = R. Then the pairing cj) : RG RG —)■ R 
given by 0 g') = Sggi^e (Kronecker’s delta) is non-degenerate, and indnces 
an i?G-biniodnle isomorphism hi = RG —?• (RG)* = hi*. As hi = RG is a finite 
free i?-modnle, we have that hi = RG is symmetric relative to R. 

Lemma 9.17. If A is quasi-symmetric {resp. symmetric) and the action of G 
on A is trivial, then hi is quasi-symmetric {resp. symmetric). 

Proof. Taking the completion, we may assnme that R is complete. Then 
replacing i? by a Noether normalization of R/ ann^j A, we may assnme that R 
is a regnlar local ring, and A is a faithfnl i?-module. As the action of G on A 
is trivial, hi = A 0^ RG is qnasi-symmetric (resp. symmetric), as can be seen 
easily. □ 

(9.18) In particnlar, if A is commntative qnasi-Gorenstein (resp. Gorenstein) 
and the action of G on A is trivial, then G = AG is qnasi-symmetric (resp. 
symmetric). 

(9.19) In general, = A 0/j RG as G-modnles. 

Lemma 9.20. Let M and N be right Q-modules, and let (p : M ^ N be a 
homomorphism of right A-modules. Then : M 0 RG N ^ RG given by 
'ip{m ^ g) = g{ip{g~^m)) ® g is an VL-homomorphism. In particular, 

1 If ip is a A-isomorphism, then is an Vt-isomorphism. 

2 If ip is a split monomorphism in mod A, then is a split monomorphism 
in modG. 

Proof. Straightforward. □ 

Proposition 9.21. Let G he a finite group acting on A. Set Q := A * G. 

1 If the action of G on A is trivial and A is quasi-symmetric {resp. sym¬ 
metric), then so is Q. 

2 If A is pseudo-Frobenius {resp. Frobenius), then so is G. 

3 If A is pseudo-quasi-Frobenius {resp. quasi-Frobenius), then so is G. 

Proof. 1 is Lemma 19.171 To prove 2 and 3, we may assnme that {R, m) is 
complete regnlar local and A is a faithfnl modnle. 
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{Knh = HomR(A (^r RG, R) ^ HomR(A, R) O {RG)* ^ Kr® RG 

as right h^-modules. It is isomorphic to Aq ® RG = VLq, by Lemma 19.201 1, 
since Kr = A in mod A. Hence H is pseudo-Frobenius. If, in addition, A is 
Cohen-Macaulay, then H is also Cohen-Macaulay, and hence H is Frobenius. 
3 is proved similarly, using Lemma [9.201 2. □ 

Note that the assertions for Frobenius and quasi-Frobenius properties also 
follow easily from Lemma 19.111 and [HSl (3.2)]. 

10. Codimension-two argument 

(10.1) Let X be a locally Noetherian scheme, U its open subscheme, and A 
a coherent C>x-algebra. Assume the (S'2) condition on A. Let i ■. U X be 
the inclusion. In what follows we use the notation for rings and modules to 
schemes and coherent algebras and modules in an obvious manner. 

(10.2) Let A4. G mod A. That is. Ad is a coherent right A-module. Then by 
restriction, i*Ai G modf*A. 

(10.3) For a quasi-coherent i*A-module M, we have an action 

AA/" ®Ox A iJ*A -)■ A(A/’ ®Ou ^*A) i^Af. 

So we get a functor A : Modi*A Mod A, where Modi*A (resp. Mod A) 
denote the category of quasi-coherent i*A-modules (resp. A-modules). 

Lemma 10.4. Let the notation be as above. Assume that U is large in X 
{that is, codimx(X \ U) > 2). //Ad G { 82 )^, then the canonical map u : 
Ad —)■ iR*Ai is an isomorphism. 

Proof. Follows immediately from |Has( (7.31)]. □ 

Proposition 10.5. Let the notation be above, and let U be large in X. Assume 
that there is a 2-canonical right A-module. Then we have the following. 

1 If Afe {S!2y*Au^ g (^^)A^. 

2 i* : { 82 )^^ { 82 )^*AU quasi-inverse 

each other. 
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Proof. The question is local, and we may assume that X is affine. 

1 . There is a coherent subsheaf Q of i^^Af such that i*Q = = Af hy 

|Hart2l Exercise II.5.15]. Let V be the A-submodule of i^Af generated by Q. 
That is, the image of the composite 


Q ®Ox ^ ^ i*Af ®Ox ^ ^ i*Af. 

Note that V is coherent, and i*Q <Z i*V C i*i^Af = i*Q = Af. 

Let C be a 2-canonical right A-module. Let ?1 := Hom^op(?,C), T = 
End ^ C, and ?1 := Hqmp(?,C). Let AA be the double dual Vb. Then AA E 
, and hence 

AA = iJ*M ^ AT(Vb) ^ A(TV)b ^ A(AAb) ^ 

So PAf ^ AA lies in 

2 follows from 1 and Lemma 110.41 immediately. □ 
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